The electron-electron and electron-background interaction energies are calculated analytically for systems with up to N = 6 electrons. The method consists of describing the position vectors of electrons using complex coordinates and all the interaction energies with complex notation, whereby simplifications become possible. As is known, in this type of calculation, complicated expressions involving integrals over many variables are encountered and the trick of using complex coordinates greatly facilitates the exact calculation of various quantities. Contrary to previous analytical calculations, using complex coordinates avoids complicated trigonometric functions from appearing in the integrand, simplifying the exact evaluation of the integrals. The method we have used can be straightforwardly extended to larger systems with N > 6 electrons.
Introduction
Since the discovery of the Fractional Quantum Hall Effect (FQHE) [1] , the interest in the topic of strongly correlated two-dimensional electron systems (2DES) has not ceased to grow. Novel electronic states have been proposed in this field of research, including the incompressible quantum fluid [2] , composite Fermions [3] [4] [5] [6] , composite Bosons [7] , and anyons [8, 9] , all originating from elegant theories * E-mail: z_bentalha@yahoo.fr involving sophisticated mathematics. Probably the most well-established theoretical idea in the domain of FQHE is due to Laughlin [2] who described the ground state as an incompressible quantum fluid and successfully clarified the nature of states at filling factors ν = 1 3 , 1 5 , 1 7 .... In reality 2DES have unusual properties that cannot be incorporated into a unique general theory that applies to any filling factor, but, in spite of that, Laughlin's idea remains irreproachable theoretically. For the other filling fractions ν = 1 3 , 2 5 , 3 7 , 4 9 ...(referred to as Jain sequence), Jain advanced the novel idea [3] [4] [5] [6] that the Fractional QHE of electrons is a manifestation of the integral QHE [10, 11] , but for composite Fermions, which are electrons carrying an even number of vortices of the many-body wave function. In other words, the incompressible quantum fluid, in Laughlin theory, consists of strongly correlated electrons interacting with a strong magnetic field whereas in Jain theory it consists of weakly correlated composite Fermions interacting with a reduced magnetic field. Exact diagonalization of small systems of electrons [12] [13] [14] [15] [16] [17] has been done to validate both Laughlin and Jain theories. In general these numerical calculations employ spherical geometry [18, 19] although the wave functions adopted in both theories are written in disk geometry. Recently, analytical methods using various 2D-geometries have been proposed [20, 21] . The main purpose of these studies was to find exact results that can be used as instruments to test the accuracy of various computational methods used in the domain of FQHE. Moreover, it is well known that the theory of FQHE depends basically on three types of interaction energy, namely the electron-electron, electronbackground and background-background interaction potentials. The latter is determined classically without using the wave function of the electron system. The two others are quantum operators acting on wave functions and are in general determined via numerical calculations with either exact diagonalization [12] [13] [14] [15] [16] [17] or Monte Carlo simulations [22] [23] [24] . In this work we propose an analytical method based on complex polar coordinates to calculate the electronelectron and electron-background interaction energies for systems with several electrons. The main purpose of this study is to show that a complex coordinate framework is the most convenient platform to do fast and accurate FQHE calculations. Exact analytical results are obtained for systems with up to N = 6 electrons in disk geometry at filling factor ν = 1 3 . These calculations can be extended straightforwardly to larger systems with N > 6 electrons. The results we obtained coincide exactly with the analytical results of Ref. [21] for N = 2 3 4 electrons. For N = 5 and 6 electrons, our results agree well with the results found in Ref. [23] using the method of Monte Carlo simulations. The paper is organized as follows. In section 2, the necessary theoretical basis is presented. In section 3, the formulation in terms of complex coordinates is given, and illustrated for the specific case of N = 3 electrons. We give some concluding remarks in section 4.
Theoretical basis
Within a disk geometry we consider N(≥ 2) electrons of charge (− 0 ) embedded in a uniform neutralizing background disk of positive charge N 0 and area
where R N is the radius of the disk. This 2D electronic system is subjected to a strong perpendicular uniform magnetic field B in the direction. For a symmetric gauge (B = ∇ ∧ A), and fully polarized electrons of mass , the quantum Hamiltonian of the system can be written as
where ∇ = (
u the gauge potential of the th electron whereas V V and V are the electron-electron, electron-background and background-background interaction potentials, respectively. Their corresponding expressions are,
where r (or r ) denotes the electron vector position while r and r are background coordinates. S N is the area of the disk and ρ the density of the system (number of electrons per unit area) that can also be defined as
with = ¯ 0 B being the magnetic length, the speed of light and B the magnetic field strength. The filling factor ν is given by the ratio of the number of electrons to the number of flux quanta penetrating the sample (ν = N φ/φ 0 ) with φ 0 = 0 the quantum flux. The quantity ν is called the filling factor because it equals the number of occupied Landau levels for non interacting electrons at a given magnetic field. The background-background interaction potential, Eq. (4), can be calculated classically without using the wave function of the electron system, and thus the introduction of complex coordinates leaves the probem of calculating V unchanged. Its value is determined analytically [21] and is given by
Henceforth our concern will only be with V and V . For a given wave function ψ(r 1 r 2 r N ), the electron-electron and electron-background interaction energies are defined by [21] ,
Taking into account the fact that [20, 25] S N 2 2 0
the expression for V can also be written as
where J ( ) are n-th order Bessel functions. To write Eqs. (7) and (10) 
With this change of variable, the Laughlin wave function finds its original form (13) and its corresponding norm is given by ψ | ψ .
Complex coordinate method for N=3 electrons
To show the method of calculation, we will focus on the case of N = 3 electrons. The integral Eq. (14) can be simplified greatly using the following rule:
In fact the key rule Eq. (15) greatly facilitates the evaluation of all the integrals in connection with this work. A wide class of correlators in 2d models [26] can be evaluated in this way. Taking into consideration Eq. (15) one can verify that the formula Eq. (14) , for N = 3 simplifies to 
Similarly let us calculate the electron-electron interaction energy per particle ε = V /3. We choose to work with Jacobi complex coordinates instead of ordinary Jacobi coordinates so as to make possible use of Eq. (15) . Jacobi complex coordinates are defined by
and other useful relations are given by
Also, one can easily derive the inter-particle coordinates in terms of Jacobi complex coordinates Thus the expression of the electron-electron interaction energy will take the following form: 
This agrees with the result in Ref. [21] . Now let us calculate the electron-background interaction energy per particle ε = V /3.
where R is the radius of the disk for N = 3 electrons and (3) is given by Eq. (17) . After a straightforward calculation, we obtain: 
where I ( ) are n-th order modified Bessel functions of the first kind [27] and (ln( ) = 1). As expected the obtained result coincides exactly with the result of Ref. [21] .
In what follows, we give the various expressions of ε for N = 2 4 5 and 6 electrons, 
The values of various interaction energies are given in Table 1 . The ground state energy ε, which is defined by corresponding to systems with N = 2 3 4 5 and 6 electrons in a disk geometry. The last two values of the sixth column are derived by fitting the data resulting from a Monte Carlo simulation method [23] . ε MS is the ground state energy per particle by the Monte Carlo method. (ε = ε +ε +ε ), calculated in this work for N = 5 and 6 electrons agrees well with that in Ref. [23] (see Table 1 ). The values are approximated numerically up to six digits after the decimal point. To compare our results for ε (5) and ε(6) with the results reported in Ref. [23] , we need to plot only a part of the least-square fit full line of Ref. [23] , (see Fig. 1 ).
Concluding remarks
In this work and within the theory of FQHE, we proposed a method of calculation based on complex coordinates. The electron-electron and electron-background interaction energies are computed for systems with up to N = 6 electrons. The method outlined in this paper, in which the position vectors of electrons are taken to be complex coordinates and all interactions are written in complex notation, simplifies calculation by avoiding integrals of complicated trigonometric functions. The results we found coincide with the results of Ref. [21] for N = 2 3 and 4 electrons and with the results reported in Ref. [23] for N = 5 and 6 electrons. New expressions are presented for ε (3), ε (4), ε (5), ε (5), ε (6) and ε (6). This shows clearly that the method of complex coordinates is a particularly convenient way to do easy Fractional Quantum Hall Effect calculations. The present calculation can be straightforwardly extended to larger systems with N > 6 electrons, the same steps of calculus repeat themselves for any given N. It can easily be seen that there is no mathematical limit to extending the calculation beyond N > 6 electrons and we believe that only a powerful computer is required to go further. This will allow bulk regime (thermodynamic limit) values for key quantities such as various interaction energies to be obtained. We point out that in carrying out the numerical computation we used MATH-EMATICA software [28] and we remarked that for N > 4 the computation is fast and straightforward.
